Introduction {#Sec1}
============

A special class of multicommodity flow problems {#Sec2}
-----------------------------------------------

There are several kinds of rolling stock scheduling problems that can be modeled as a class of integer multicommodity flow problems. For instance, the train unit scheduling problem (TUSP) \[[@CR14], [@CR15]\], where given a train operator's timetables and a fleet of train units, an assignment plan has to be determined such that each timetabled train is covered by a single or coupled train units. A notable feature of the TUSP is the unit coupling/decoupling in response to different passenger demands. There are also the train unit circulation problems \[[@CR2], [@CR12], [@CR21], [@CR23]\] and the train unit assignment problems \[[@CR5]--[@CR8]\] belonging to this category. The locomotive assignment problem \[[@CR9], [@CR11], [@CR16], [@CR22], [@CR27], [@CR29]\] is another kind of rolling stock scheduling problem. A common feature of some of the above problems arising in rolling stock scheduling is the use of computable local convex hulls with respect to each train trip. In this paper, we generalize the use of local convex hull methods for the scenarios found in rolling stock scheduling to a broader spectrum of integer multicommodity flow problems, analyze its feasibility range and pursue more efficient computational approaches, mainly based on instances that are either real-world or artificial from rolling stock scheduling.

Consider an integer multicommodity flow problem \[[@CR1]\] defined over a directed acyclic graph $\documentclass[12pt]{minimal}
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                \begin{document}$$a \in {\mathcal {A}}$$\end{document}$ are the nodes and arcs, and $\documentclass[12pt]{minimal}
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                \begin{document}$$k \in K$$\end{document}$ are the commodities to be flowed in integral amounts from origins to destinations that are specific for each *k*. Each commodity's total amount may be fixed or bounded by a constant scalar $\documentclass[12pt]{minimal}
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                \begin{document}$$b_k$$\end{document}$. Here we assume that the local constraints are all based on nodes while similar situations on arcs can be derived by analogy. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$w^j_k\ge 0$$\end{document}$ be the flow amount of commodity *k* passing through node *j*. There are compatibility relations between the commodities and the nodes. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$K_j \subseteq K$$\end{document}$ denote the set of commodities that are allowed at node *j*. In general the flow amount for most (if not all) commodities used at a node can take general positive integer values rather than only in $\documentclass[12pt]{minimal}
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                \begin{document}$$w_k^j \in {\mathbb {Z}}_+$$\end{document}$.

How the commodities should flow across the network is further restricted by two kinds of local constraints associated with each node and/or arc. The first kind ([1](#Equ1){ref-type=""}) is the provision demand, which requires the total provision achieved at *j* from used commodities to be at least at a required level, as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{k \in K_j} q_k w_k^j \ge r_j, \quad \forall j \in {\mathcal {N}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$q_k$$\end{document}$ is the "task contribution" by one unit of commodity *k* and $\documentclass[12pt]{minimal}
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                \begin{document}$$r_j$$\end{document}$ is the total demand at *j*. The second kind ([2](#Equ2){ref-type=""}) is the bounding restriction, which caps the total resource taken up by used commodities at *j* to be no more than an upper bound, as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{k \in K_j} v_k w_k^j \le u_j, \quad \forall j \in {\mathcal {N}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$v_k$$\end{document}$ is the "resource consumption" taken up by a unit flow amount of commodity *k* and $\documentclass[12pt]{minimal}
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                \begin{document}$$u_j$$\end{document}$ is the total resource upper bound at *j*. We assume, as in many real-world problems, that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_k,r_j,v_k,u_j$$\end{document}$ are integers.

Equations ([1](#Equ1){ref-type=""}) and ([2](#Equ2){ref-type=""}) are commonly seen constraints in integer multicommodity flow problems. To satisfy their requirements, it is sufficient to simply insert them into the associated integer linear program (ILP) after some variable conversion, e.g. $\documentclass[12pt]{minimal}
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                \begin{document}$$w_k^j=\sum _{p \in {\mathcal {P}}^k_j} x_p$$\end{document}$ for a path formulation, where $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {P}}^k_j$$\end{document}$ is the path set of commodity *k* passing through *j* and $\documentclass[12pt]{minimal}
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                \begin{document}$$x_p$$\end{document}$ is the path variable on path *p* indicating the flow amount along *p*. Therefore, if the variables are based on paths $\documentclass[12pt]{minimal}
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                \begin{document}$$p \in {\mathcal {P}}^k, k \in K$$\end{document}$, and let $\documentclass[12pt]{minimal}
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                \begin{document}$$c_p$$\end{document}$ be the cost of path *p*, the ILP model for a typical integer multicommodity flow problem with the above requirements can be formulated as (*P*):

For a TUSP, (*P*) can be interpreted as the following. The nodes (except a source and a sink) in the graph represent the train trips, and the flows of different commodities represent train units of different types that are used to cover the trips. An arc is established between two trips if they can be consecutively served by the same train unit. $\documentclass[12pt]{minimal}
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                \begin{document}$$b_k$$\end{document}$ is the fleet size limit for unit type *k*. A path represents a daily workload for a train unit vehicle as a sequence of train trips and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_p$$\end{document}$ is the number of train units used for that sequence. In addition, $\documentclass[12pt]{minimal}
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                \begin{document}$$q_k$$\end{document}$ is the number of seats (capacity) in a train unit of type *k* and $\documentclass[12pt]{minimal}
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                \begin{document}$$r_j$$\end{document}$ is the passenger demand measured in number of seats for train *j*, while $\documentclass[12pt]{minimal}
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                \begin{document}$$v_k$$\end{document}$ is the number of cars of a unit of type *k* and $\documentclass[12pt]{minimal}
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                \begin{document}$$u_j$$\end{document}$ is the maximum number of cars for coupled unit formations that platforms can accommodate regarding trip *j*. The objective minimizes the total cost of deployed units. See \[[@CR6], [@CR14]\] and \[[@CR15]\] for further details. As a generic integer multicommodity flow ILP formulation, (*P*) or its variants can also be interpreted as many other real-world problems\[[@CR1]\].

As a standard integer multicommodity flow formulation, there are certain disadvantages or incapabilities in directly using ([1](#Equ1){ref-type=""}) and ([2](#Equ2){ref-type=""}) (or (5) and (6) as in (*P*)).(i)*Weak linear programming (LP) relaxation* As often observed, the two kinds of constraints are very likely to yield weak LP relaxation due to their knapsack nature. The train unit/locomotive scheduling (assignment, circulation) problems are typical examples where the $\documentclass[12pt]{minimal}
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                \begin{document}$$q_k,r_j$$\end{document}$ are measured in number of passengers and $\documentclass[12pt]{minimal}
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                \begin{document}$$v_k,u_j$$\end{document}$ are measured in number of cars.(ii)*Combination-specific upper bounds* The bounding restriction may be combination-specific, i.e. the upper bound will vary according to different combinations in terms of which and how many commodities are used. The complex upper bound restrictions for coupled train units in the train unit scheduling problem \[[@CR14], [@CR15]\] is such an example. If different constraints with different bounds are formed, *disjunctive* relations among these constraints may be required. However coexisting constraints in an LP are *conjunctive* thus will not realize the target. One remedy would be to introduce extra binary variables and constraints to represent the use of different combinations, as given in \[[@CR15]\]. This however may often slow down the solution process.(iii)*Commodity compatibility* Sometimes there can be compatibility relations among the commodities used at a node where only certain collections of them can coexist. For instance, when five commodities $\documentclass[12pt]{minimal}
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                \begin{document}$$k_1,\ldots ,k_5$$\end{document}$ are allowed at a node, not just any of them can be used together. A rule may require such that one can only use a combination from $\documentclass[12pt]{minimal}
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                \begin{document}$$k_3,k_4,k_5$$\end{document}$ but nothing else. Therefore, if flows from both $\documentclass[12pt]{minimal}
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                \begin{document}$$k_3$$\end{document}$ are used at the node, it should be deemed as invalid. The creation of train unit families based on the train unit coupling compatibility introduced in \[[@CR14], [@CR15]\] is a result of commodity compatibility relations. Take the above $\documentclass[12pt]{minimal}
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                \begin{document}$$k_2$$\end{document}$ can represent diesel train units while $\documentclass[12pt]{minimal}
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                \begin{document}$$k_5$$\end{document}$ can be electric train units. A unit type from the diesel family cannot be coupled with a unit from the electric family.To deal with the weak LP relaxation problem above, a class of similar methods has been proposed in several papers \[[@CR2], [@CR6], [@CR23], [@CR29]\], which happen to be all in railway rolling stock assignment/scheduling problems. Also in dealing with all the three points listed above, a method for directly computing "train convex hulls" has been given in \[[@CR14]\]. We will refer to this class of method as the *local convex hull method* and will generalize it in the subsequent sections. Admittedly this method will not be universal for all integer multicommodity flow problems. To apply it successfully, a problem should possess certain features.

### **Observation 1** {#FPar1}
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                \begin{document}$$j \in {\mathcal {N}}$$\end{document}$, the number of commodities suitable for node *j*, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$|K_j|$$\end{document}$, should not be "large", although the total number of commodities over the network may still be "large". For the commodities suitable at node *j*, the number of valid commodity combinations should also not be "large". Finally, the flow amount of each commodity at *j* should be able to take appropriate general nonnegative integer values, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$w_k^j \in {\mathbb {Z}}_+$$\end{document}$, rather than only binary, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$w_k^j \in \{0,1\}$$\end{document}$.

The meaning of "large" in Observation [1](#FPar1){ref-type="sec"} can be problem-specific. In the train unit scheduling instance we tested, it can be regarded as "large" when $\documentclass[12pt]{minimal}
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                \begin{document}$$|K_j|>19$$\end{document}$ and/or the number of valid commodity combinations is above 1200.

The features in Observation [1](#FPar1){ref-type="sec"} are commonly seen in a class of integer multicommodity flow problems, typically arising in rolling stock scheduling problems as train unit or locomotive scheduling, where the nodes are train services to be covered by rolling stock, the commodities are different types of rolling stock and $\documentclass[12pt]{minimal}
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                \begin{document}$$w_k^j$$\end{document}$ are the number of rolling stock of type *k* used for train *j*. Despite the above features, those scheduling problems are generally very difficult to solve as the number of nodes can be from hundreds to several thousands with a very high density of arcs.

In addition, there are also other real-world applications formulated as integer multicommodity flow problems having the features mentioned in Observation [1](#FPar1){ref-type="sec"} and are thus suitable for the local convex hull method. Note that their specific formulations do not have to be exactly the same as (*P*). One example is the Multivehicle Tanker Scheduling Problem (Bellmore and Bennington \[[@CR4]\]), which can be formulated as an integer multicommodity flow problem in maximizing the total utilities achieved by a fleet of heterogeneous tankers to meet a prescribed schedule of deliveries. In its corresponding network, an arc represents a shipment that can be shared by different types of tanker and is upper bounded due to limited delivery location capacity while dissimilar types differ in carrying capabilities and other factors. The arc-based type-specific flow variables represent the number of deployed tankers for the shipments of corresponding arcs and can take integer values other than binary. The number of tanker types in the fleet will be generally not very large, also following Observation [1](#FPar1){ref-type="sec"}. Moreover, some problems that are not categorized as integer multicommodity flow types also satisfy Observation [1](#FPar1){ref-type="sec"}. The Generalized Transportation Problem (Wolsey \[[@CR28]\]) is such an example, where the demands of clients have to be satisfied by trucks of different types that can be used together for the same client. Notably, the number of trucks of the same type deployed for the same client can take non-binary positive integers.

Finally the structures of the local convex hulls may differ as the formulations differ. For example, in most rolling stock scheduling problems, since there are two kinds of bundle constraints (5 and 6), the main hull to be introduced in Sect. [2](#Sec7){ref-type="sec"} has at most two nonzero facets. However, for the Multivehicle Tanker Scheduling Problem \[[@CR4]\], there is no constraint of type (6). Thus the main hull only has one and only one nonzero facets. These differences will not prevent the using of the generalized local convex hull method and the customized convex hull computation algorithms in Sects. [2](#Sec7){ref-type="sec"} and [3](#Sec15){ref-type="sec"}.

Here we propose the local convex hull method and its relevant convex hull computation algorithms based on the train unit scheduling problem \[[@CR14], [@CR15]\]. Their applications to other suitable problems can be derived by analogy.

Local convex hull method {#Sec3}
------------------------

A generalization on the local convex hull methods arising in rolling stock scheduling to a generic integer multicommodity flow problem is given here. Here each local convex hull corresponds to a single node in the network where Constraints (5) and/or (6) are applied. For each node *j*, a commodity combination set $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W_j=\bigg \{w^j\in {\mathbb {Z}}_+^{K_j}\bigg |\forall w^j: \text {a valid commodity combination for node } j \bigg \}, \quad \forall j \in {\mathcal {N}},\nonumber \\ \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$w^j=(w^j_1,\ldots ,w^j_{|K_j|})^T$$\end{document}$ is a vector representing the flow amounts of a commodity combination. We assume that due to Observation [1](#FPar1){ref-type="sec"} the number of combinations are small enough such that $\documentclass[12pt]{minimal}
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                \begin{document}$$W_j$$\end{document}$ can be simply obtained by enumeration. For problem instances with the demand and bounding restrictions exactly given by ([1](#Equ1){ref-type=""}) and ([2](#Equ2){ref-type=""}), we also have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W_j=\Bigg \{w^j\in {\mathbb {Z}}_+^{K_j}\Bigg |\displaystyle \sum _{k \in K_j} q_k w_k^j \ge r_j, \sum _{k \in K_j} v_k w_k^j \le u_j\Bigg \}, \quad \forall j \in {\mathcal {N}}. \end{aligned}$$\end{document}$$However, for cases with combination-specific upper bounds and commodity compatibility relations, the combination set may only be obtained from ([8](#Equ3){ref-type=""}) by enumeration. Next for each node the *local convex hull* $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm {conv}}(W_j)$$\end{document}$ of the above combination set is computed explicitly before the optimization process, given that the number of points $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathrm {conv}}( W _j)=\bigg \{w^j\in {\mathbb {R}}_+^{K_j}\bigg |H^j w^j \le h^j \bigg \}, \quad \forall j\in {\mathcal {N}}. \end{aligned}$$\end{document}$$The local convex hull ([10](#Equ5){ref-type=""}) is described by nonzero facets $\documentclass[12pt]{minimal}
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                \begin{document}$$h^j \in {\mathbb {R}}^{F_j}$$\end{document}$. Via variable conversion $\documentclass[12pt]{minimal}
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Note that the upper bounds requirements that are combination-specific can be automatically satisfied by (14) as long as they can be described by a set of linear inequalities. One of the most beneficial effect from using the convex hull constraints (14) is that often a much tightened LP relaxation will be obtained compared with solely using (5) and (6). In addition, this pre-processing on local convex hull computation is carried out before solving the ILP and thus will not yield additional burden to the solution process on the ILP itself.

### Removing incompatible commodities {#Sec4}

The aforementioned point (iii) shows that logical non-linear restrictions on commodity compatibility can occur. Generally, the local convex hulls can remove part of the incompatible commodities but not all of them. Therefore, subsequent extra methods in ensuring all jointly used commodities at each node are compatible have to be designed and applied. We use an example to illustrate this.
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Fig. 1Integer points from incompatible commodities *A* and *B* at *j*

Here we give an example on such a method named "train-family branching" proposed in \[[@CR14]\]. Define compatible commodities to be in the same *family*. Each time after a relaxation is solved at a BB tree node $\documentclass[12pt]{minimal}
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### A real-world example from Southern Railway {#Sec5}

We use a real-world example from the fleet of Southern Railway, UK to illustrate the above convex hull preprocessing approach. Table [2](#Tab2){ref-type="table"} gives the possible combinations and coupling upper bounds for two compatible unit types of c455/8 and c456/0 from Southern Railway. There are two kinds of coupling upper bounds measured in the number of cars and units respectively. In practice, the number of restrictive factors may be larger than two, giving more complicated restrictions that are unable to be represented by linear constraints.Table 2Combination-specific coupling upper bounds (UB) for unit type c455/8 and c456/0CombinationUB in car\#UB in unit\#c455/8 (4-car)8 (2$\documentclass[12pt]{minimal}
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Suppose for a train "1A06" with a passenger demand of 100 seats, train units of c455/8 (4-car, 316 seats) and c456/0 (2-car, 152 seats) are permitted. There are two restrictive factors for the coupling upper bounds, as shown in Table [2](#Tab2){ref-type="table"}. If represented by explicit linear constraints, then two constraints are needed for ensuring the coupling upper bounds (before the variables are converted from *w* to *x*) as $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathrm {conv}}(W_{{\mathrm {1A06}}})=\left\{ w\in {\mathbb {R}}_+^2 \left| \begin{array}{l} f_1: 2w_{455/8}+w_{456/0}\le 4\\ f_2: w_{455/8}+w_{456/0}\le 3\\ f_3: w_{455/8}+w_{456/0}\ge 1 \end{array} \right. \right\} , \end{aligned}$$\end{document}$$which is a polytope with three nonzero facets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1,f_2,f_3$$\end{document}$, giving three corresponding local convex hull constraints for train 1A06. Figure [2](#Fig2){ref-type="fig"} gives an illustration on the above example. The filled points indicate valid unit combinations and the blank points are the invalid ones. The dashed lines give the constraints if explicit linear constraints are used and the shaded area is the convex hull of the valid combination points if the local convex hull is used. One can see that compared with the explicit demand satisfaction constraint ($\documentclass[12pt]{minimal}
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### Previous studies on local convex hulls {#Sec6}

Within the realm of railway rolling stock scheduling/assignment/circulation, the method of using explicitly computed local convex hulls to strengthen LP relaxation first appears in Schrijver \[[@CR23]\] for a train unit scheduling problem, where since at most two commodities are involved, the convex hull computation is done in $\documentclass[12pt]{minimal}
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                \begin{document}$$|K_j|=10$$\end{document}$. Also the characteristics of relevant integer polytopes have been studied \[[@CR10]\]. In \[[@CR14]\], local convex hulls are explicitly computed by standard QuickHull \[[@CR3]\] to deal with combination-specific upper bounds and commodity compatibility, as well as to tighten the LP relaxation.

In all the instances above utilizing local convex hulls, it is either the case that the magnitudes of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$|W_j|$$\end{document}$ are small such that standard convex hull algorithms (e.g. QuickHull \[[@CR3]\]) would suffice (e.g. \[[@CR2], [@CR14], [@CR23]\]), or the problem has special features to allow an analytical description on the relevant dominants (e.g. \[[@CR6]\]). However, the use of standard convex hull algorithms are not guaranteed for more difficult cases with higher dimensions and a larger number of points.

In this paper, first a further exploration on the feasibility of the local convex hull method subject to instances whose combination sets $\documentclass[12pt]{minimal}
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                \begin{document}$$W_j$$\end{document}$ have higher dimensions (e.g. 5--20) and a larger number of points (e.g. hundreds to several thousands) will be given. Then a customized convex hull computation algorithm based on QuickHull will be presented. The computational feasibility of this method must have a limit when the number of points and space dimensions are getting large. Therefore empirical experiments will also be conducted to explore the feasibility range of the local convex hull method, mainly within the context of rolling stock scheduling.

The structure of local convex hulls {#Sec7}
===================================

In this section we assume that everything is based on the *n*-dimensional Euclidean space $\documentclass[12pt]{minimal}
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-------
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### Preliminaries {#Sec9}

We will first show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}'$$\end{document}$ has no more than two nonzero facets. For an optimization problem defined in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}_+^n$$\end{document}$, a zero facet represents a constraint in the form of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i\ge 0$$\end{document}$ which is often satisfied implicitly. Here we briefly give some results in polyhedral combinatorics that will be used in deriving the above conclusion. For details of the results, see Nemhauser and Wolsey \[[@CR20]\], Webster \[[@CR26]\] and Mahjoub \[[@CR17]\].

In $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^n$$\end{document}$, a set of *r* points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w^{(1)},\ldots ,w^{(r)}\in {\mathbb {R}}^{n\times 1}$$\end{document}$ is affinely independent if the unique solution of the system of *r* variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{i=1}^r \lambda _i w^{(i)}=\mathbf {0}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{i=1}^r\lambda _i=0$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _i=0, \forall i=1,\ldots ,r$$\end{document}$. Equivalently, letting be the matrix associated with the system, the points are affinely independent if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {rank}}\big (A_{\{w^{(1)},\ldots ,w^{(r)}\}}\big )=r$$\end{document}$. *r* affinely independent points will uniquely define an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(r-1)$$\end{document}$-flat (aka an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(r-1)$$\end{document}$-dimensional affine set) which equals their affine hull. In particular, an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(n-1)$$\end{document}$-flat is also called a hyperplane in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^n$$\end{document}$. A set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPi $$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^n$$\end{document}$ is a hyperplane if and only if there exist scalars $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _0,\pi _1,\ldots ,\pi _n$$\end{document}$, being not all zero, such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varPi =\left\{ w\in {\mathbb {R}}^n|\pi _1 w_1+\ldots +\pi _n w_n=\pi _0\right\} :=\left\{ w\in {\mathbb {R}}^n|\pi ^Tw=\pi _0\right\} . \end{aligned}$$\end{document}$$Each *r*-flat ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r=-1,0,\ldots ,n$$\end{document}$) can be expressed as the intersection of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n-r$$\end{document}$ hyperplanes, and so is the solution set of some system of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n-r$$\end{document}$ linear equations.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^\prime $$\end{document}$ be a subset of a finite set *S* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^n$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {aff}}(S^\prime ) \cap {\mathrm {conv}}(S \setminus S^\prime )=\emptyset $$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {conv}}(S^\prime )$$\end{document}$ is a face of the polytope $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {conv}}(S)$$\end{document}$. If *F* is a nonempty $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(r-1)$$\end{document}$-face of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {conv}}(S)$$\end{document}$, then there are *r* affinely independent points in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S\cap F$$\end{document}$. A face *F* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {conv}}(S)$$\end{document}$ is a facet of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {conv}}(S)$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {dim}}(F)={\mathrm {dim}}({\mathrm {conv}}(S))-1$$\end{document}$. Therefore a nonempty facet $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F^*$$\end{document}$ will imply $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {dim}}({\mathrm {conv}}(S))$$\end{document}$ affinely independent points in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S\cap F^*$$\end{document}$.

A polyhedron $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P\in {\mathbb {R}}^n$$\end{document}$ is full-dimensional if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {dim}}(P)=n$$\end{document}$. It has a unique minimal representation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} P=\big \{w\in {\mathbb {R}}^n\big |(\pi ^i)^T w \le \pi _0^i, \forall i=1\ldots ,t\big \} \end{aligned}$$\end{document}$$as a finite set of *t* linear inequalities each representing a facet of *P*. For a polyhedron $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P\in {\mathbb {R}}^n$$\end{document}$ that is not full-dimensional with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {dim}}(P)=n-k,k>0$$\end{document}$, its minimal representation is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} P=\bigg \{w\in {\mathbb {R}}^n\bigg |\begin{array}{l} (\pi ^i)^T w = \pi _0^i, \forall i=1,\ldots ,k; \\ (\pi ^i)^T w \le \pi _0^i, \forall i=k+1,\ldots ,k+t. \end{array} \bigg \}, \end{aligned}$$\end{document}$$where each inequality of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=k+1,\ldots ,k+t$$\end{document}$ is from the equivalence class of inequalities representing a facet of *P*.

### Number of nonzero facets of main hull {#Sec10}
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#### *Proof* {#FPar5}
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Similar conclusions can be made by analogy for other integer multicommodity flow problems suitable for the local convex hull method. For example, for the Multivehicle Tanker Scheduling Problem, the corresponding main hull is then an *n*-simplex $\documentclass[12pt]{minimal}
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Number of outside points {#Sec11}
------------------------
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If the number of outside points is of a moderate size, and the dimension *n* is appropriately small, then the entire convex hull $\documentclass[12pt]{minimal}
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### Two special conditions {#Sec12}

The number of outside points can be analytically determined under two special conditions, i.e. when all commodities are incompatible and when *u* (or *r*) as given in ([9](#Equ4){ref-type=""}) is a multiple of all elements in *v* (or *q*).

For an instance with commodity compatibility relations as mentioned in Sect. [1.1](#Sec2){ref-type="sec"}, the combination point enumeration and outside point counting can be decomposed into subsets of compatible commodities. Let $\documentclass[12pt]{minimal}
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#### **Proposition 2** {#FPar6}

For a combination set *W* where all commodities $\documentclass[12pt]{minimal}
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Here we have the following properties for the emptiness of $\documentclass[12pt]{minimal}
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#### **Proposition 3** {#FPar7}

For a combination set *W* that can be defined by ([9](#Equ4){ref-type=""}), if *u* is a multiple of all $\documentclass[12pt]{minimal}
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The above condition can often happen in real-world instances. Taking the train unit scheduling problem for example, where the upper bound *u* is measured in number of cars and $\documentclass[12pt]{minimal}
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### Empirical experiments {#Sec13}

Pragmatically for a given set *W* with points *w*, it is sufficient to determine the number of outside points simply by checking the values of $\documentclass[12pt]{minimal}
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Non-standalone types {#Sec14}
--------------------

Although very rare under train unit scheduling scenarios, theoretically we cannot eliminate the possibility that a unit type can only be used with other types, e.g. as a result of a demand/upper bound pair at certain levels. We call this unit type that cannot satisfy the "single-commodity-presence" assumption for a train as a "non-standalone" type. When a non-standalone type exists, it is not possible to straightforwardly construct the main hull and the customized convex hull algorithm to be introduced in Sect. [3](#Sec15){ref-type="sec"} will thus be inapplicable. However, it is still possible to compute $\documentclass[12pt]{minimal}
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Nonetheless, if there is only one non-standalone type, it is possible to modify the original problem to keep "single-commodity-presence" condition. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$k^*$$\end{document}$, where the "single-commodity-presence" condition will be preserved. Thus the original problem will be branched into subproblems. When there is more than one train having unique non-standalone types, a tree structure is required to organize the subproblems as computationally independent nodes on the tree. The tree can be constructed in advance given the input information (where all convex hull constraints will be given once-for-all) or embedded into the branch-and-bound tree (where the convex hull constraints on trains with standalone types will have to be computed "on-line" during branching).

We use an example to illustrate the above method. Suppose at train *j* we have the unit combination set$$\documentclass[12pt]{minimal}
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If there are multiple non-standalone types at a train, theoretically it is still possible to enumerate all possibilities over the non-standalone types and for each case a convex hull in the subspace over the other types can be constructed satisfying the single-commodity-presence condition. However it is unclear about its practicality under this more difficult circumstance as the scheme may become quite complex to implement and the resulting tree may be too huge to tackle with. We will leave the relevant investigation to future work.[1](#Fn1){ref-type="fn"}

A customized QuickHull algorithm to compute local convex hulls {#Sec15}
==============================================================

In this section we will describe how to use a customized QuickHull algorithm adapted from \[[@CR3]\] to exactly compute the convex hull $\documentclass[12pt]{minimal}
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**Theorem 2** {#FPar8}
-------------
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                \begin{document}$${\mathcal {H}}$$\end{document}$ with one incident facet below w and the other incident facet above w.

A point's position as being above or below a hyperplane/facet is defined by giving the hyperplane/facet an orientation as their outer normal's direction and if the signed distance of a point to the hyperplane/facet is positive (negative), then the point is said to be above (below) the hyperplane/facet. A facet is said to be visible to a point if the point is above it. A realizable (feasible) point is below every hyperplane/facet.

For a given set of points, QuickHull first selects a non-degenerated subset of them to form an initial simplex as their convex hull. If possible, this initial simplex will be selected such that it will cover as many points as possible by choosing the points with either a maximum or minimum coordinate. Each point outside the initial simplex will be assigned to one and only one of its visible facet(s) of this simplex. Then the following recursive processes will be applied to each facet of the updated hull with its associated outside points. Within each facet, one of its associated point (generally the "furthest" one) will be selected. New facets will be made by joining this point and all horizontal ridges that enclose all visible facets of this point. A process called partitioning will either reallocate each outside points associated with one visible facet to a new facet or include that point into the hull. Then the point's visible facets will be discarded. This will be repeated for the hull with updated facets until all facets have empty outside point sets. See \[[@CR3]\] for details of the QuickHull algorithm.

From the view of the QuickHull algorithm, it can be seen that for the case of commodity combination set *W*, the "up" and "down" points in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{W}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{W}$$\end{document}$ should be above the hyperplanes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(b^{-1})^Tw=1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a^{-1})^Tw=1$$\end{document}$ respectively. Moreover, the main hull $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}'$$\end{document}$, as a frustum of a simplex, should be an ideal alternative for the initial simplex in the QuickHull's first stage (by Theorem [2](#FPar8){ref-type="sec"}, any full-dimensional convex polytope inside $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}$$\end{document}$ would do the job). Moreover, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}'$$\end{document}$ is chosen as the "initial simplex", there are initially only two visible facets, the two nonzero facets with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(b^{-1})^Tw=1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a^{-1})^Tw=1$$\end{document}$, to be further processed possibly in parallel with the "up" and "down" points. Therefore, given the "initial simplex" as the analytically known main hull $\documentclass[12pt]{minimal}
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In practice, implementing Algorithm 1 from scratch may require a considerable amount of work. Pragmatically having the free and highly efficient QuickHull program available from its official website \[[@CR24]\], one may consider the following alternative Algorithm 2 by using the official QuickHull program from \[[@CR24]\]. Compared with Algorithm 1 which computes the local convex hulls all by itself, Algorithm 2 assumes that a tool for computing convex hulls is at hand (e.g. standard QuickHull) and it computes the local convex hulls indirectly using this tool.

*A special case in computing local convex hulls for instances with incompatible commodities* QuickHull is very sensitive to increasing dimensions. When a node is to be served by commodities divided into subsets $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {H}}$$\end{document}$ based on the vertices of all sub-hulls in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^n$$\end{document}$. There is a nice property such that vertices from different sub-hulls are orthogonal. It is not apparent if this method can be competitive with Algorithm 1 subject to different *n*. We will leave this alternative method to future research.

Computational experiments on local convex hulls {#Sec16}
===============================================

Feasibility range of local convex hull method {#Sec17}
---------------------------------------------

The feasibility range of the local convex hull method is an interesting topic, which asks to what limit in terms of the input parameters it will become impractical or intractable to compute $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {H}}$$\end{document}$ explicitly based on points in *W* (standard QuickHull) or indirectly based on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {H}}'$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{W}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{W}$$\end{document}$ (2-facet QuickHull). This would be very useful to guide the modeling and solving for some upgraded or new problem instances. For example, in \[[@CR14]\] the local convex hulls are easily computed by QuickHull since $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall j \in {\mathcal {N}}$$\end{document}$. However, if a new instance requires that $\documentclass[12pt]{minimal}
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                \begin{document}$$|K_j|=10$$\end{document}$ for train *j* as a result of the electrification upgrades in some routes such that electric units can also run on the routes that were previously only covered by diesel units, then it is important to see if the original methods are still practical.

However the problem of determining the feasibility of convex hull algorithms is complicated itself. Generally the difficulty of convex hull computation grows drastically when the dimension *n* becomes large, as a result of the complex components and structural sophistication of high dimensional polytopes. The Upper Bound Theorem \[[@CR19]\] states that the total complexity of the convex hull of *m* points in *n* dimensions is $\documentclass[12pt]{minimal}
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                \begin{document}$$O(m^{\lfloor n/2 \rfloor })$$\end{document}$. Particularly for the QuickHull algorithm, the authors in \[[@CR3]\] conjecture that the time complexity of QuickHull for *m* points (with *p* processed points) in dimension *n* is in average $\documentclass[12pt]{minimal}
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                \begin{document}$$f_p$$\end{document}$ is the maximum number of facets for *p* vertices. According to \[[@CR19]\], in the worse case the complexity of $\documentclass[12pt]{minimal}
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                \begin{document}$$O(p^{\lfloor n/2 \rfloor })$$\end{document}$. Therefore the time complexity of QuickHull in computing *m* points with *p* processed points can be $\documentclass[12pt]{minimal}
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                \begin{document}$$n \ge 4$$\end{document}$. This gives a theoretical way in estimating the time complexity of QuickHull subject to different inputs of *m*, *n* and *p*.

In practice, if the number of outside points are within a reasonable range, like in many practical problems in rolling stock scheduling, the computation may still be possible for some not too large *n*. Within possibly the most difficult artificial conditions (with space dimensions no greater than 11) in the context of train unit scheduling, a series of computational experiments have been conducted giving some positive results on the feasibility range of the local convex hull method. Since there is evidence that those problems are not challenging enough for standard QuickHull, the convex hull computation results on the above experiments will not be reported for every individual instance but only for the possibly hardest ones among them. For the same reason, we only report the number of points rather than the total complexity $\documentclass[12pt]{minimal}
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                \begin{document}$$O(mp^{\lfloor n/2 \rfloor }$$\end{document}$) or computational times for those experiments. Investigations on to what extent local convex hulls are still computable for a broader range of problem instances arising in various integer multicommodity flow problems cannot be comprehensively covered in this paper. Nevertheless, to check the performance of the 2-facet QuickHull under more difficult circumstances, we will report a series of experiments on more challenging artificial instances based on the fleets of ScotRail and Southern Railway by increasing the space dimensions from 2 to 21 and using both the standard and the "2-facet" QuickHull methods. Various results such as the numbers of points, computational times and complexity will be reported in detail.

Number of points in the three hulls: empirical tests based on real-world and artificial instances {#Sec18}
-------------------------------------------------------------------------------------------------

In this part, datasets from ScotRail will be tested with respect to the number of points in $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{W}$$\end{document}$. ScotRail is the major passenger rail operator in Scotland and Southern Railway is the major passenger rail operator in South England whose datasets were also used in the experiments to be reported later. Originally, although ScotRail has a train unit fleet with 10 unit types, what makes the scenario quite simple is the fact that for each train service (represented by a node in the network) no more than 4 unit types (commodities) are permitted to cover it. Moreover, there are type coupling compatibility relations that divide the type set into 6 subsets (known as "families" in \[[@CR14], [@CR15]\]) of compatible types. This makes computing the convex hulls for any train in the timetable a trivial matter in spaces of dimensions no more than 4 with the number of points less than 9. Tables [3](#Tab3){ref-type="table"} and [4](#Tab4){ref-type="table"} give the fleet and coupling upper bound information of ScotRail and Southern Railway.Table 3Train unit types and their associated families of the fleets of ScotRail and Southern Railway ("c156" stands for "Class 156" and so on)OperatorFamilyTypeCapacity\# of car per unit(seats)ScotRailSR.Ic1561452SR.IIc1581362c1701893c170S1983SR.IIIc3142123SR.IVc3182193c3202303SR.Vc3341833SR.VIc380/02083c380/12824Southern RailwaySN.Ic171/71072c171/82414SN.IIc455/83164c456/01522SN.IIIc313/11943SN.IVc460/03668SN.Vc442/13205SR.VIc377/12234c377/22234c377/31603c377/42434 Table 4Coupling upper bounds in number of cars associated with type combinations, regardless of other factors as routes etc., from fleet of ScotRail and Southern RailwaysOperatorFamilyCombinationUpper bound(in \# of cars)ScotRailSR.Ic1566SR.IIAny combinations by c158, c170, c170S6SR.IIIc3146SR.IVAny combinations by c318, c3206SR.Vc3348SR.VIAny combinations by c380/0,17Southern RailwaySN.Ic171/7 only4c171/8 only8c171/7 and c171/86SN.IIc455/8 only8c456/0 only6c455/8 and c456/08SN.IIIc313/13SN.IVc460/08SN.Vc442/110SN.VIAny combinations by c377/1,2,3,412

We would like to see the potential of the local convex hull method regarding the number of points in the main, up and down hulls on an artificial train with modified type-route and type-type relations that are rendered more complex and difficult. Two kinds of conditions were tested, as:(i)Assume each train can be served by all the 10 types, but retain the original compatibility relations among unit types and the combination-specific upper bounds.(ii)Assume each train can be served by all the 10 types, where all unit types are compatible and have the same coupling upper bound.The first condition makes the convex hull computation into $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}_+^{10}$$\end{document}$ with a slightly increased number of points. The second condition will give a greatly increased number of points in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}_+^{10}$$\end{document}$, where as there are many new combinations that do not exist in practice, unified uppers bound *u* will be used for all combinations varying from 4 to 8 cars which sufficiently covers the real-world cases in ScotRail.

Table [7](#Tab7){ref-type="table"} in the Appendix gives the exact number of points in the upper ($\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{W}$$\end{document}$), main ($\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{W}$$\end{document}$) unit combination sets as triplets $\documentclass[12pt]{minimal}
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                \begin{document}$$(|\overline{W}|,|W'|,|\underline{W}|)$$\end{document}$ for condition (i). When the main set $\documentclass[12pt]{minimal}
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                \begin{document}$$W'$$\end{document}$ cannot be defined since the "single-commodity-presence" condition ([16](#Equ7){ref-type=""}) is not satisfied (usually due to the demand is too high), the number of all points in *W* will be reported as a singleton \|*W*\|. This reporting style regarding "single-commodity-presence" also applies to Tables [8](#Tab8){ref-type="table"} and [9](#Tab9){ref-type="table"} in the Appendix. The passenger demand *r* varies from 25 to 500, which represents the range commonly seen in the ScotRail datasets. Table [8](#Tab8){ref-type="table"} in the Appendix shows the result based on Condition (ii). In these artificially created scenarios, when the coupling upper bounds are small and the demands are large, no feasible combination can be made, as shown by those cells in the bottom-left corner of the table.

Experiments on the number of points in $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{W},W',\underline{W}$$\end{document}$ were also performed based on instances from other available sources. Table [9](#Tab9){ref-type="table"} in the Appendix gives the results on the number of points in *W* taken the Instance A from Cacchiani et al. \[[@CR6]\] with 8 train unit types. 50 random number from a uniform distribution on the range of \[360, 1404\] (as given in \[[@CR6]\] as the passenger demand range) were used as the passenger demands. Since in \[[@CR6]\] the coupling upper bound is measured in the number of units and for all trains this upper bound is 2 units, it was set that $\documentclass[12pt]{minimal}
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                \begin{document}$$u=2$$\end{document}$ for all the 8 types. Moreover, the 8 types are all compatible.

From the above experiments, for the instances within the context of train unit scheduling, generally the numbers of points in the train combination sets are very small and are thus within the capability of a standard convex hull algorithm. The next section will further justify this conclusion empirically. As for the numbers of outside points in $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{W}$$\end{document}$, they can be either small or large compared with the main part $\documentclass[12pt]{minimal}
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                \begin{document}$$W'$$\end{document}$. However, in the real-world example "Instance A" from Cacchiani et al. \[[@CR6]\] and with the artificial condition (i) where unit type compatibility is retained, which are the two most realistic instances, the proportions of outside points are all quite small if the three parts can be divided.

Computing local convex hulls using standard QuickHull under rolling stock scheduling contexts {#Sec19}
---------------------------------------------------------------------------------------------

Some train unit operators may have more difficult problem instances than those tackled by us, and the advancements of railway infrastructure and engineering technology may pose new challenges that might also make the TUSP more complex. Bearing in mind that the local convex hull method cannot be used universally for all kinds of integer multicommodity flow problems, it is useful to have a preliminary idea on its practical range subject to different scenarios. Therefore, three groups of experiments on computing local convex hulls under the context of rolling stock scheduling were conducted. The convex hull computation tool used was an official version of the QuickHull algorithm available from \[[@CR24]\]. All experiments were performed on a Dell workstation with 8G RAM and an Intel Xeon E31225 CPU.

The first group of experiments was based on the three instances (A,B,C) from Cacchiani et al. \[[@CR6]\], where the authors have analytically proved the inequalities representing relevant local convex hulls for each train and have applied them to their model (also see \[[@CR10]\] for more details on the proof). The passenger demand ranges for the three instances are given in $\documentclass[12pt]{minimal}
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                \begin{document}$$r_A,r_B,r_C$$\end{document}$ respectively. In Instance A, there are 8 compatible types with their capacities given in $\documentclass[12pt]{minimal}
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                \begin{document}$$q_A$$\end{document}$. In Instances B and C, there are 10 compatible types respectively with their capacities given in $\documentclass[12pt]{minimal}
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                \begin{document}$$q_C$$\end{document}$. The coupling upper bound is measured in number of units and is 2 for all trains. The experiments were carried out by increasing the passenger number evenly within the given range and calculating the number of points in the corresponding train unit combinations sets, as shown in Table [10](#Tab10){ref-type="table"} in the Appendix. The samples with a passenger demand in italic were the ones with the largest number of points in their unit combination sets and having their local convex hull computed by QuickHull by directly taking the points in *W*. Notably as for the three samples from Table [10](#Tab10){ref-type="table"}, since the number of points were too small, the computation times were all displayed as 0's.

The second group was based on the ScotRail fleet as described before. Originally there were strict type compatibility relation among the 10 types and for each train no more than 4 types can be used. This real-world scenario has no challenge for testing the workability of the local convex hull method. Therefore, an artificial scenario is designed to increase the difficulty in computing the local convex hulls. We assume that all the 10 types are compatible, and for the train to be tested, all the 10 types can be used to serve it. Moreover, we have widened the range of coupling upper bounds to be \[4, 12\] and the range of passenger demand numbers to be \[25, 900\]. Table [11](#Tab11){ref-type="table"} in the Appendix gives the corresponding results. When the passenger demand is too high and the coupling upper bound is too small, there will be no feasible combination (marked as "--"). The maximum number of points in *W* is 1029 in three cells, which are still too easy for QuickHull to compute, by merely 0.006 s.

The third group was based on the datasets from Southern Railway, whose real-world conditions are not challenging for the standard QuickHull algorithm. A similar series of experiments were carried out for the 11 unit types in the Southern Railway fleet, assuming that they were all compatible and were all allowed to serve any trains. The ranges of passenger demand *r* and coupling upper bound *u* were also widened. Table [12](#Tab12){ref-type="table"} in the Appendix gives the corresponding results. It has some similar patterns as the experiments for ScotRail in Table [11](#Tab11){ref-type="table"}. The convex hull of one of the *u*, *r* pairs yielding the maximum number of combination points, $\documentclass[12pt]{minimal}
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                \begin{document}$$r=25,u=12$$\end{document}$ with 505 points was computed by standard QuickHull, giving a computation time of 0.015 s.

Computing local convex hulls using standard and 2-facet QuickHull for more difficult cases {#Sec20}
------------------------------------------------------------------------------------------

Computing local convex hulls in spaces with even higher dimensions (e.g. $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^n_+$$\end{document}$ with $\documentclass[12pt]{minimal}
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                \begin{document}$$n>11$$\end{document}$) may not be a real-world issue for most rolling stock scheduling instances. Nevertheless, more difficult conditions may occur in other integer multicommodity problems. Testing more difficult instances will also give useful information on the feasibility range of the local convex hull method. Moreover, a comparison between standard QuickHull and "2-facet" QuickHull can be made under these more difficult conditions because as shown in Sect. [4.3](#Sec19){ref-type="sec"}, the instances with $\documentclass[12pt]{minimal}
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                \begin{document}$$n \le 11$$\end{document}$ are not challenging enough.

There are two groups of experiments to be reported in this section. First, a series of experiments on artificial problem instances with a fixed shared coupling upper bounds $\documentclass[12pt]{minimal}
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                \begin{document}$$u=9$$\end{document}$ while varying dimensions *n* from 2 to 21 will be reported. The second group of experiments are based on the same artificial instances with a fixed dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$n=15$$\end{document}$ while varying shared coupling upper bounds *u* from 4 to 12. Both of them are designed to get a better understanding of the behaviors of local convex hull computations in more difficult scenarios. As the dimensions get higher and/or the numbers of points increases due to larger upper bounds, the difficulty in computing relevant local convex hulls often drastically increase. To some certain limits, both the standard and the 2-facet QuickHull will be unable to compute relevant local convex hulls within reasonable time and resources.

### Varying dimension *n* with fixed coupling upper bound $\documentclass[12pt]{minimal}
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                \begin{document}$$u=9$$\end{document}$ {#Sec21}

The first group of experiments was conducted on the same machine as described in Sect. [4.3](#Sec19){ref-type="sec"}. The instances are artificially created based on the fleets of ScotRail (10 types) and Southern Railway (11 types) by gradually increasing the number of types (assuming all compatible) one by one in the "merged" artificial fleet from 2 to 21 in a way that the types of ScotRail will be included first and the types of Southern Railway will be added later when all the 10 types from ScotRail have been added. A fixed demand $\documentclass[12pt]{minimal}
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                \begin{document}$$r=107$$\end{document}$ and a fixed shared coupling upper bound $\documentclass[12pt]{minimal}
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                \begin{document}$$u=9$$\end{document}$ regardless of type combinations are used. Since 107 is the smallest unit capacity among all unit types, this may give different unit combinations as many as possible. Moreover, since any type can handle the demand 107 on its own, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_i=1, \forall i=1,\ldots ,n$$\end{document}$, and this implies $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{W}_i=\emptyset , \forall i=1,\ldots ,n$$\end{document}$ such that there is no need to compute any down hulls.

Table [5](#Tab5){ref-type="table"} gives the results of the above experiments. The first column gives the dimensions *n*. The second column gives the number of input points *m* (\|*W*\| for standard and $\documentclass[12pt]{minimal}
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                \begin{document}$$|\overline{V}'|+|\overline{W}|$$\end{document}$ for 2-facet). The third column gives the number of facets of the computed up hulls including $\documentclass[12pt]{minimal}
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It can be observed that the actual numbers of the facets of the up hulls are still very small, similar as in Table [5](#Tab5){ref-type="table"}. Both the two methods can compute relevant convex hulls very quickly when $\documentclass[12pt]{minimal}
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Conclusions and future research {#Sec23}
===============================

In this paper we have generalized the local convex hull method arising in rolling stock scheduling problems using integer multicommodity flow models where each timetabled train is represented by a node in the network graph. Its major characteristic is to use enumeration to capture all the possible combinations at a node with different commodities and the convex hull of such combinations will be computed explicitly if possible. With the nonzero facets of the local convex hulls, a conversion makes the combination variables (based on flow amount per node per commodity) to the original network flow variables (e.g. based on paths) and thus the facets will take their effects as valid inequalities for the original problem. This method can be used to strengthen the LP relaxation as well as to satisfy complex and difficult restrictions such as combination-specific coupling upper bounds. We are especially interested in the feasibility range of this method subject to higher dimensional cases and efficient methods in computing local convex hulls taking advantage of their structures.

We have shown that if the "single-commodity-presence" condition is met, which is a prevailing case in real-world rolling stock scheduling, a local convex hull can be divided into a main hull, an up hull and a down hull, and the main hull can have no more than 2 nonzero facets that are known analytically. For these instances, a 2-facet QuickHull method based on the standard version \[[@CR3]\] can be used to compute convex hulls only focusing on outside points. On the other hand, it is also possible that no such three-hull division can be made since some unit types (commodities) cannot be used alone, especially when the passenger demands get large while the coupling upper bound is low. For them the 2-facet QuickHull cannot be used. Nevertheless, in many of such cases the numbers of feasible combinations also tend to be small, which may ease the process of convex hull computation.

Computational experiments on the number of points and computational feasibility for the local convex hull method are reported. As long as the context is set within train unit scheduling with the parameter settings either the same or modified to increase the computational difficulty, the local convex hulls can be easily computed by the standard QuickHull within a very short time. Note that in the UK and other countries where train units are commonly used in passenger railway, it is very rare for a train operator to have a route or train service that can be served by more than 10 types of unit being all compatible with each other. Due to this reason, we find the standard QuickHull sufficient for computing local convex hulls arising in train unit scheduling problems in all cases.

In practice, using the customized 2-facet QuickHull to speed up the computation process is less necessary for train unit scheduling problems. Nevertheless, there might be other fields employing integer multicommodity flow models where the local convex hull method can also be applied. It is possible that some of them may have a far larger number of commodities and combination points at a node or an arc such that the standard QuickHull algorithm may fail or may be less efficient. In those cases, the proposed 2-facet QuickHull may be helpful in improving the computational efficiency or the computability. Section [4.4](#Sec20){ref-type="sec"} gives some computational results on the above point, where there is evidence showing that the 2-facet QuickHull can outperform the standard QuickHull in both the efficiency and computability aspects for the instances tested. When the number of commodity types is even higher (e.g. $\documentclass[12pt]{minimal}
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                \begin{document}$$>$$\end{document}$1200) due to higher upper bounds, both the standard and the 2-facet QuickHull will fail in computing the local convex hulls in the tested instances.

The future work on the local convex hull method will be focused on the following aspects. First, more rigorous theoretical investigation on the polyhedral combinatorics side will be conducted. More computational experiments will be carried out on the customized 2-facet QuickHull on other integer multicommodity flow instances. Finally we would like to further design an alternative convex hull computation method by computing sub-hulls with respect to subsets of compatible commodities and then using a final "wrapping" over all sub-hulls to get the entire hull.

Appendix: Experiment results for Sects. [4.2](#Sec18){ref-type="sec"} and [4.3](#Sec19){ref-type="sec"} {#Sec24}
=======================================================================================================

See Tables [7](#Tab7){ref-type="table"}, [8](#Tab8){ref-type="table"}, [9](#Tab9){ref-type="table"}, [10](#Tab10){ref-type="table"}, [11](#Tab11){ref-type="table"}, and [12](#Tab12){ref-type="table"}.
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